(i) to give conditions such that the limit H of self-adjoint regularized HamiltoniansH n = A + W n exists and is unique for any self-adjoint extensionÃ of _ A, (ii) to describe the limit H.
Introduction
History of the de nition of the \right Hamiltonian" is rather long (see e.g. Simon 12] ). But we would like to mention that the \physical approach" to de nition of the Hamiltonian in the case of singular interactions is always based on a paradigm of removing cut-o s or regularization. The papers 6], 7], 11], 12], 13], 15] scrutinize this approach in the framework of the abstract scheme of functional analysis.
>From this point of view all singular perturbations could be divided into two complementary classes: positive and non-positive.
The \right Hamiltonian"Ĥ proposed in 11] and 15] for positve perturbations is a straightforward application of the property of semiboundedness of the perturbation W and the monotonicity of the regularizing sequence of cut-o potentials. In this case one gets automatically the form sumĤ =Â : + W as the right Hamiltonian which is expected. The situation drastically changes when we come to non-positive perturbations which are singular enough that the operator A+W on dom(A) is not semibounded from below. The rst abstract result in this direction is due to 7] . The important (for the mathematical and physical comprehension of the situation) notion of the stability domain D dom(A) \ dom(W ) with the property (1.1) (see below) was introduced there. Then, in the paper 8] the notion of an admissible regularizing sequence was added. These two notions are crucial for understanding how the regularizing sequence chooses itself the \right" (i.e. unique) regularized Schr odinger operator. In 8] the phenomenon was clari ed on an abstract operator-theoretical level. Moreover, the conditions formulated in 7] were essentially relaxed which improves the main result of 7] for nite de ciency indices case and gives a natural su cient condition for the case of in nite de ciency indices.
More precisely the situation can be described as follows. Let A 0 be a self-adjoint operator on some separable Hilbert space H which can be regarded as the Hamiltonian of some quantum system. Let this operator be perturbed by self-adjoint operator W. With respect to quantum mechanics the operator A can be thought as the Laplacian ? on L 2 (R n ) and W as a multiplication operator which arises from some potential.
We assume that the perturbation W is form bounded with respect to A on some dense subset D (called stability domain) of dom(A) \ dom(W ), i.e. j(Wf; f)j a(Af; f) + b(f; f); 0 < a < 1; 0 < b; (1.1) f 2 D dom(A) \ dom(W ):
Then let us introduce the symmetric operator _ H, _ Hf = Af + Wf; f 2 dom( _ H) = D; (1.2) which is semibounded from below by (1.1). If _ H is not essentially self-adjoint, then W is called singular perturbation of A.
Since for singular perturbations the operator _ H is not essentially self-adjoint, it is uncomprehensible which self-adjoint operator is a right Hamiltonian for the perturbed quantum system. The only requirement is that the right Hamiltonian has to be a semibounded self-adjoint extension of _ H. Since it is a priori unclear which of them is the right we have to apply additional arguments to nd out this extension, see 8] .
A standard procedure goes as follows 6 which means the extension given by the KLMN-Theorem 10]. Then the question which arises is to describe all extensions of _ H which can be obtained by the above procedure. Surprisingly it turns out that under some natural conditions the form sumĤ is the only one which is available in this way.
In the present paper this result is proven for non-positive singular perturbations, i.e., for W regularizing sequence such that fH n g 1 n=1 tends in the strong resolvent sense toĤ and the condition (1.10) is satis ed.
We would like to note that if the maximality condition is omitted then there are semibounded self-adjoint extensions of _ A such that for a given regularizing sequence the corresponding approximating sequences satisfy the condition (1.10) but converge to di erent self-adjoint extensions of _ H. Therefore, we lose the uniqueness of the limit with the pleasant property of the regularization to choose the right Hamiltonian.
The paper is organized as follows. In the Section 2 we recall some necessary facts from the Krein's extension theory. The aim of Section 3 is to nd an explicite formula for the resolvent of the perturbed operator which links the Friedrichs extensionÂ, the extension parameter B which coresponds toÃ and a bounded perturbation W. The problem of convergence of approximating sequences is solved in the whole generality in Section 4. In Section 5 we discuss the consequences of Section 4, in particular, we prove the above mentioned results.
Extensions
Let A 0 0 be some non-negative closed symmetric operator which can be regarded as the closure of _ A = AjD, where A is a self-adjoint operator and D dom(A). To describe all semibounded self-adjoint extensionsÃ of A 0 obeyingÃ I, < 0, we introduce the de ciency subspace N = ker(A 0 ? I). By Theorem 2.9 of 2] there is a one-to-one correspondence between semibounded self-adjoint extensionsÃ obeyingÃ I and non-negative closed quadratic forms q on N . This correspondence is given in terms of quadratic forms. Denoting by~ the quadratic form which is associated withÃ, i.e. where P denotes the orthogonal projection from H ontoQ .
It turns out, however, that the relation (2.6) de nes a self-adjoint extensionÃ of A 0 even in the case when one assumes only the invertibility of B. In this case the formula (2.6) de nes a self-adjoint extension of A 0 which is not necessarily semibounded. In particular, if B 0 and invertible we get an extension for which the interval ( ; 0) is a spectral gap, i.e. ( ; 0) (Ã) where ( ) denotes the resolvent set.
The relation (2.6) can be used to compute the resolvent (Ã ? ? z) ? shows that fH n g 1 n=1 converges in the generalized strong resolvent sense to the form sumĤ.
Consequences
Here we study some consequences of the results obtained in the previous section. (4.14) - Choosing small enough, we satisfy the conditionã = (1 + )a < 1. Settingb = ?(1 + ) , we prove (5.12). ReplacingÂ byÃ one easily gets that (5.10) and (5.12) are equivalent to (4.8) and (4.9). Again by the KLMN-Theorem the form sumH =Ã : + W is well-de ned and semi-bounded from below. Further, settingH n =Ã + W n and replacingÂ,Ĥ andĤ n byÃ,H andH n , respectively, we obtain relations similar to (4.10) -(4.12) and (4.14) -(4.17). Hence, the expectation that each approximating sequence fH n g 1 n=1 converges to the form sumĤ is false if dom( p ?W) \ N 6 = f0g. Obviously the last remark implies the following question. Proof : Let fW n g 1 n=1 be a non-increasing regularizing sequence for W 0 (4.1), (4.2). Further, let B be the extension parameter which corresponds toÃ. Choosing smaller than inf (Ã) we can assume that B 0. We set X n = PW n P 0, n = 1; 2; : : :. There is an isometry Remark 5.5 Notice that the sequence fV n g 1 n=1 de ned by (5.42) depends on the subspacẽ Q but not on the chosen semi-bounded self-adjoint extensionÃ of A 0 . Moreover, the above construction holds for any non-increasing regularizing sequence fW n g 1 n=1 of W.
